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Introduction
Let K be a ﬁeld, S = K [x1, . . . , xn] be the polynomial ring in n variables, and I ⊂ S a monomial
ideal. One famous conjecture of Stanley [18] asked if there exist a presentation of S/I as a direct
sum of K linear spaces of the form uK [Z ] with u monomial and Z ⊂ {x1, . . . , xn} a subset with
|Z |  depth S/I . If this happens for a certain I we say that I is a Stanley ideal. This conjecture is
proved for n 4 (see [5,17,4]). Here we show that this is also true for n = 5 (see Theorem 4.3). Also
we notice that for n = 5 the so-called pretty clean ideals [8] are exactly the sequentially Cohen–
Macaulay ones (see Theorem 4.1). A similar result for n = 4 is given in [2].
The proof of Theorem 4.3 forces us to study Stanley’s Conjecture on multigraded S-modules in-
spired by [11]. We prove that some Cohen–Macaulay multigraded S-modules of dimension 2 are clean
(see Theorem 3.3) in Dress terminology [7], and so Stanley’s Conjecture holds for them. The proof
uses a partial polarization (see Proposition 2.1) and is hard and long starting with Lemma 1.2. This
lemma is a particular case of Lemma 1.11 and their proofs are similar. We believe that Lemma 1.2
deserves to be separately considered, because it applies directly to a nice result (Theorem 1.7). The
value of Lemma 1.11 appears later in the next section, namely in Theorem 2.8. Several examples show
why the methods should be special for each case. A particular case of Theorem 3.3 says that mono-
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[9, Proposition 1.4], which says that monomial Cohen–Macaulay ideals of codimension 2 are Stan-
ley ideals. Some Cohen–Macaulay multigraded modules M having only an associated prime ideal are
clean independently of dimension, as shows Theorem 3.2.
1. Clean multigraded modules
Let K be a ﬁeld, S = K [x1, . . . , xn], n  2 be the polynomial ring in n variables, m = (x1, . . . , xn)
and M be a ﬁnitely generated Zn-graded (i.e. multigraded) S-module. Let
F : 0= M0 ⊂ M1 ⊂ · · · ⊂ Mr = M
be a chain of multigraded submodules of M . Then F is a prime ﬁltration if Mi/Mi−1 ∼= S/Pi(−ai),
where ai ∈ Nn and Pi is a monomial prime ideal, i ∈ [r]. The set Supp(F) = {P1, . . . , Pr} is called the
support of F . The ﬁltration F is called clean if Supp(F) = Min(M). If AnnS (M) is reduced then M is
called reduced. When M is a reduced cyclic S-module then M is clean if and only if the simplicial
complex associated to M is shellable (non-pure) as Dress shows [7].
Usually, we will restrict to study multigraded S-modules M with dimK Ma  1 for all a ∈ Zn . If
M is such a module and U ⊂ M is a multigraded submodule then an element x =∑a∈Zn xa of M
belongs to U if and only if all Zn-homogeneous components xa of x belongs to U . Let I ⊂ J be
monomial ideals of S . Then M = J/I satisﬁes dimK Ma  1 for all a ∈ Zn .
The following elementary lemma is known in a more general frame (see [12, Corollary 2.2]). We
will prove it here for the sake of our completeness.
Lemma 1.1. Let M be a ﬁnitely generated multigraded S-module with AssM = {P1, . . . , Pr}, dim S/Pi = 1
for i ∈ [r]. Let 0 =⋂ri=1 Ni be an irredundant primary decomposition of (0) in M and suppose that P i =
Ann(M/Ni) for all i. Then M is clean.
Proof. Apply induction on r. If r = 1 then M is torsion-free over S/P1 and we get M free over S/P1
since dim(S/P1) = 1. Thus M is clean over S .
Suppose that r > 1. Then 0=⋂r−1i=1 (Ni ∩ Nr) is an irredundant primary decomposition of (0) in Nr
and by induction hypothesis we get Nr clean. Also M/Nr is clean because Ass(M/Nr) = {Pr} (case
r = 1). Hence the ﬁltration 0⊂ Nr ⊂ M can be reﬁned to a clean ﬁltration of M . 
Next we will extend the above lemma for some reduced Cohen–Macaulay multigraded modules of
dimension 2 (from now on we suppose that n > 2). But ﬁrst we need some preparations.
Lemma 1.2. Let I ⊂ U be two monomial ideals of S such that Ass S/I contains only prime ideals of dimen-
sion 2, and Ass S/U contains only prime ideals of dimension 1. Suppose that I is reduced. Then there exists
p ∈ Ass S/I such that U/(p ∩ U ) is a Cohen–Macaulay module of dimension 2.
Proof. Let U =⋂tj=1 Q j be a reduced primary decomposition of U and P j =√Q j . Since P1 ⊃ I there
exists a minimal prime ideal p1 containing I such that P1 ⊃ p1. Thus P1 = (p1, xk) for some k ∈ [n].
We may suppose that p1 = (x2, . . . , xn−1) and k = n after renumbering the variables. Using the de-
scription of monomial primary ideals we note that Q 1 + p1 = (p1, xs1n ) for some positive integer s1.
Let
I = {i ∈ [t]: Pi = (pi, xn) for some pi ∈Min S/I}.
Clearly, 1 ∈ I . If i ∈ I , that is Pi = (pi, xn), then as above Q i + pi = (pi, xsin ) for some positive inte-
gers si . We may suppose that s1 =maxi∈I si . Then we claim that depth S/(p1 + U ) = 1.
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U = U + I =
⋂
j∈[t],q∈Ass S/I
(q + Q j)
and depth S/U = 1 we see that p1 + Qr contains an intersection ⋂ej=1(q j + Qc j ) with q j ∈ Ass S/I ,
c j ∈ [t] and dim(q j + Qc j ) = 1, that is q j ⊂ Pc j . Note that
p1 + Qr = p1 +
(
xa11 , x
an
n , some x
α with suppα = {1,n}).
Suppose that xn ∈ Pc j for all j ∈ [e]. Then we show that p1+ Q 1 ⊂ p1+ Qr . Indeed, by hypothesis a
power of xn belongs to the minimal system of generators of q j + Qc j , let us say x
bc j
n ∈ G(q j + Qc j ). Set
b =max j bc j . Then xbn ∈
⋂e
j=1(q j + Qc j ) ⊂ p1+ Qr and so b an . Let b = bc j for some j. If xn ∈ q j then
b = 1 and so an = 1 and clearly p1 + Q 1 ⊂ P1 ⊂ p1 + Qr . If xn /∈ q j then c j ∈ I and so b = sc j  s1.
Thus p1 + Q 1 = (p1, xs1n ) ⊂ (p1, xbn) ⊂ p1 + Qr .
Now suppose that there exists j ∈ [e] such that xn /∈ Pc j , let us say j = 1. Then Pc1 = (x1, . . . , xn−1)
and xn ∈ Pc j for all j > 1. As above, let x
bc j
n ∈ G(q j + Qc j ) for j > 1 and b =maxej>1 bc j . If b an then
as above p1 + Q 1 ⊂ p1 + Qr . Assume that b < an . Let xd1 be the power of x1 contained in G(q1 + Qc1 ).
If d a1 then we get p1 + Qc1 = (p1, xd1) ⊂ p1 + Qr and dim(p1 + Qc1 ) = 1. Suppose that d < a1. Then
note that xd1x
b
n ∈ G(
⋂e
j=1(q j + Qc j )) and so xd1xbn ∈ p1 + Qr . Thus
(p1 + Q 1) ∩ (p1 + Qc1 ) ⊂
(
p1, x
d
1x
b
n
)⊂ p1 + Qr .
Hence p1 + U is the intersection of primary ideals of dimension 1, that is depth S/(p1 + U ) = 1.
From the exact sequence
0→ U/(p1 ∩ U ) → S/p1 → S/(p1 + U ) → 0
we get depthU/(p1 ∩ U ) = 2. 
Lemma 1.3. Let I ⊂ U be two monomial ideals such that U/I is a Cohen–Macaulay S-module of dimension 2
and Ass S/I contains only prime ideals of dimension 2. Suppose that I is reduced. Then there exists p ∈ Ass S/I
such that U/(p ∩ U ) is a Cohen–Macaulay module of dimension 2.
Proof. Let U =⋂tj=1 Q j be a reduced primary decomposition of U and P j =√Q j . From the exact
sequence
0→ U/I → S/I → S/U → 0
we get
depth S/U min{depthU/I − 1,depth S/I} 1.
Thus 1  dim S/P j  2 for all j. Suppose that dim S/P j = 2. Then we have Πq∈Ass S/Iq ⊂ I ⊂ U ⊂
Q j ⊂ P j . Thus P j ⊃ p for some p ∈ Ass S/I and we get P j = p because dim S/P j = dim S/p. It
follows that Πq∈Ass S/I,q =pq ⊂ P j and so p ⊂ Q j ⊂ P j = p. Hence p = Q j . Set U ′ = ⋂ti=1,i = j Q i ,
I ′ =⋂q∈Ass S/I,q =p q. Then
(U + I ′)/I ′ ∼= U/(U ∩ I ′) = U/(U ′ ∩ p ∩ I ′) = U/(U ′ ∩ I) = U/I.
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in this way to the case when dim S/Q j = 1 for all j ∈ [t] since I = U . Now is enough to apply the
above lemma. 
The above lemma cannot be extended to show that U/(p ∩ U ) is Cohen–Macaulay for all p ∈
Ass S/I , as shows the following.
Example 1.4. Let
I = (x1x2) ⊂ U =
(
x1, x
2
3
)∩ (x2, x3)
be monomial ideals of S = K [x1, x2, x3]. We have depth S/U = 1 and depth S/I = 2. Thus U/I is
Cohen–Macaulay but U/(U ∩ (x2)) is not since U + (x2) = (x1, x2, x23) ∩ (x2, x3), that is depth S/
(U + (x2)) = 0. However, U/(U ∩ (x1)) is Cohen–Macaulay because U + (x1) = (x1, x23).
Remark 1.5. A natural extension of Lemma 1.2 is to consider the case when I is not reduced, let
I =⋂ri=1 qi be a reduced primary decomposition, and to show that U/U ∩ q j is a Cohen–Macaulay
module of dimension 2 for a certain j. Unfortunately, this is not true as shows the following.
Example 1.6. Let U = (x1, x23) ∩ (x22, x3) and I = (x21x22) be monomial ideals of S = K [x1, x2, x3]. Since
depth S/U = 1, depth S/I = 2 we see that U/I is a Cohen–Macaulay module of dimension 2. But
U + (x21) = (x1, x23) ∩ (x21, x22, x3) and U + (x22) = (x1, x22, x23) ∩ (x22, x3) show that depth S/(U + (x21)) =
depth S/(U + (x22)) = 0 and so U/(U ∩ (x21)) and U/(U ∩ (x22)) are not Cohen–Macaulay. However,
U + (x1) = (x1, x23) and so U/(U ∩ (x1)) is a Cohen–Macaulay module of dimension 2.
The idea of the following theorem comes from the fact that connected simplicial complexes of
dimension 1 are shellable (see [13] for details).
Theorem1.7. Let I ⊂ U be twomonomial ideals such that U/I is a Cohen–Macaulay S-module of dimension 2.
Suppose that I is reduced. Then U/I is clean.
Proof. We follow the proof of Lemma 1.1. Let I =⋂ri=1 pi be the reduced primary decomposition of I
(so pi are prime ideals). Apply induction on r. If r = 1 then U/I is a maximal Cohen–Macaulay (so
free) over S/p1. Thus U/I is clean. Suppose that r > 1. Then there exists j ∈ [r] such that U/(p j ∩ U )
is a Cohen–Macaulay module of dimension 2 using Lemma 1.3. From the exact sequence
0→ (p j ∩ U )/I → U/I → U/(p j ∩ U ) → 0
we see that (p j ∩ U )/I is a Cohen–Macaulay module of dimension 2. Set I ′ =⋂ri=1,i = j pi . We have
(p j ∩ U )/I ∼= ((p j ∩ U ) + I ′)/I ′ because (p j ∩ U ) ∩ I ′ = U ∩ I = I . Applying induction hypothesis we
get the modules ((p j ∩ U ) + I ′)/I ′ and (U + p j)/p j ∼= U/(p j ∩ U ) clean and so the ﬁltration 0 ⊂
(p j ∩ U )/I ⊂ U/I can be reﬁned to a clean one. 
Remark 1.8. The above theorem does not hold for dimension 3. The triangulation of the real projec-
tive plane gives a non-shellable simplicial complex of dimension 2, which is Cohen–Macaulay over a
ﬁeld K of characteristic = 2. So its associated Stanley–Reisner ring is Cohen–Macaulay but not clean
(see [13] for details). Thus Lemma 1.2 cannot be extended for depth 3, because otherwise the proof
of the above proposition is valid also in this case. An idea of this counterexample is given in the
following.
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(c,d, e) ∩ (c, e, f ) and
I = J ∩ (a,b, c) ∩ (a,b, e) ∩ (a,d, e) ∩ (a,d, f ) ∩ (b, c,d) ∩ (b,d, f ).
Set M = J/I . We have the following exact sequence
0→ M → S/I → S/ J → 0.
S/ J is shellable because the associated simplicial complex has the facets {abf }, {abd}, {adc}, {bde}
written in the shelling order. S/I is Cohen–Macaulay since its associated simplicial complex is
the triangulation of the real projective plane (see [6, p. 236] for details). Thus depth(S/I) =
depth(S/ J ) = 3. Applying Depth Lemma to the above exact sequence we get depthM  3 (actu-
ally equality since dimM = 3). Set P = (a,b, c). Then P/I is the P -primary component of S/I
and so N = P ∩ J/I is the P -primary component of M . Thus M/N ∼= ( J + P )/P . But J + P =
(a,b, c,d, e) ∩ (a,b, c, f ) and so depth(S/( J + P )) = 1. From the exact sequence
0→ M/N → S/P → S/( J + P ) → 0
we get depth(M/N) = 2< depthM (a maximal regular sequence on M/N is {d, e − f }).
Next we want to extend Lemma 1.2 in the case when I is not reduced. First we present some
preliminaries. Let I ⊂ S be a monomial ideal and G(I) its unique minimal system of monomial gener-
ators. Let k ∈ [n]. If xk is not regular on S/I then let dk(I) be the highest degree of xk , which appears
in a monomial of G(I). If xk is regular on S/I , that is xk does not appear in a monomial of G(I) then
set dk(I) = 0. Let d(I) =maxk∈[n] dk(I).
Example 1.10. Let Q be a monomial (x1, . . . , xr)-primary ideal, r  n. Then Q = (xa11 , . . . , xarr ,{xα: α ∈ Γ, supp(α) ⊂ {1, . . . , r}, | supp(α)| > 1}) by [19, Proposition 5.1.8] for a set Γ ⊂ Nn , some
positive integers a1, . . . ,ar and dk(Q ) = ak for k ∈ [r], d(Q ) = maxk∈[r] ak . If U =⋂tj=1 Q j is a re-
duced primary decomposition of the monomial ideal U then dk(U ) = max j∈[t] dk(Q j) and d(U ) =
max j∈[t] d(Q j).
Lemma 1.11. Let I ⊂ U be two monomial ideals of S such that Ass S/I contains only prime ideals of dimen-
sion 2, and Ass S/U contains only prime ideals of dimension 1. Let k ∈ [n] and U =⋂ti=1 Q i , be a reduced
primary decomposition of U , P i = √Q i . Suppose that d(I) = dk(I)  dk(Q i) for some i and there exists
p ∈ Ass S/I such that Pi = (xk, p). Then U/(p ∩ U ) is a Cohen–Macaulay module of dimension 2.
Proof. Let I =⋂ej=1 q j be the reduced primary decomposition of I and p j = √q j . After renumbering
the variables x and ideals (Q i)i, (q j) j we may suppose k = n, i = 1, p = p1 = (x2, . . . , xn−1), P1 =
(p1, xn) and dn(Q 1) dn(I). Let
I = {i ∈ [t]: there is j ∈ [e] with Pi = (p j, xn)}.
Clearly, 1 ∈ I . Renumbering (Pi), (p j) we may suppose that dn(Q 1) = maxi∈I dn(Q i). Note that we
have still dn(Q 1) dn(I). Then we claim that depth S/(p1 + U ) = 1.
Let r ∈ [t] be such that p1 + Qr is m-primary. Since
U = U + I =
⋂
i∈[t], j∈[e]
(q j + Q i)
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and c j ∈ [t] with dim(q j + Qc j ) = 1, that is p j ⊂ Pc j . Note that
p1 + Qr = p1 +
(
xa11 , x
an
n , some x
α with suppα = {1,n}).
Suppose that xn ∈ Pc j for all j ∈ J . Then we show that p1 + Q 1 ⊂ p1 + Qr . Indeed, we set b =
max j∈J dn(q j + Qc j ) and note that xbn ∈
⋂
j∈J (q j + Qc j ) ⊂ q1 + Qr ⊂ p1 + Qr and so b  an . Let b =
dn(qρ + Qcρ ) for some ρ ∈ J . If xn ∈ pρ then we get dn(qρ) dn(qρ + Qcρ ) = b  an . By hypothesis,
we have dn(Q 1) dn(I) dn(qρ) b  an and so p1 + Q 1 ⊂ p1 + Qr . If xn /∈ pρ then cρ ∈ I and we
have
dn(Q 1) dn(Qcρ ) dn(qρ + Qcρ ) = b  an
and so we get again p1 + Q 1 ⊂ p1 + Qr .
Now suppose that there exists ν ∈ J such that xn /∈ Pcν . Then Pcν = (x1, . . . , xn−1) and xn ∈ Pc j
for all j ∈ J with j = ν . Set b =max j∈J , j =ν dn(q j + Qc j ). If b an then as above p1 + Q 1 ⊂ p1 + Qr .
Assume that b < an . If d = d1(Qcν )  a1 then we get p1 + Qcν ⊂ p1 + Qr and dim(p1 + Qcν ) = 1.
Suppose that d < a1. Then note that xd1x
b
n ∈
⋂
j∈J (q j + Qc j ) ⊂ p1 + Qr . Thus
(p1 + Q 1) ∩ (p1 + Qcν ) =
(
p1, x
d
1x
b
n
)⊂ p1 + Qr .
Hence p1 + U is the intersection of primary ideals of dimension 1, that is depth S/(p1 + U ) = 1.
From the exact sequence
0→ U/(p1 ∩ U ) → S/p1 → S/(p1 + U ) → 0
we get depthU/(p1 ∩ U ) = 2. 
2. Partial polarization
The aim of this section is to extend slightly a part of [10, Theorem 2.6] (such tool is needed for a
generalization of Lemma 1.11, see Theorem 2.8). Let I ⊂ S be a monomial ideal. We have d(I) = 1 if
and only if I is square free. Suppose that d(I) > 1. We consider the monomial ideal I1 generated by
I and the monomials u/xi for those i ∈ [n] and u ∈ G(I) with degxi u = d(I). Clearly d(I1) = d(I) − 1
and I1/I is reduced. Let U ⊃ I be a monomial ideal. Similarly, let U1 be the ideal generated by U and
the monomials a/xi for those i ∈ [n] and a ∈ G(U ) with degxi a = d(I).
Proposition 2.1. Then U1 ⊃ I1 and
depth(U1/I1) depth(U/I)
if U1 = I1 . In particular depthS S/I1  depthS S/I.
The proof follows applying recursively the following lemma for different i ∈ [n]. Fix i ∈ [n] such
that there exists v ∈ G(I) with degxi v = d(I) and let I˜ be the ideal generated in S by I and the
monomials v/xi with v ∈ G(I), degxi v = d(I). Let U ⊃ I be a monomial ideal. Similarly, let U˜ be the
ideal generated by U and the monomials a/xi with a ∈ G(U ), degxi a = d(I).
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depth U˜/ I˜  depthU/I
if U˜ = I˜ . In particular depthS S/ I˜  depthS S/I.
Proof. We follow the proof of [10, Theorem 2.6] and of [6, Lemma 4.2.16] slightly modiﬁed. We intro-
duce a new variable y and set u′ = xa11 · · · xai−1i−1 xai−1i yxai+1i+1 · · · xann for u = xa11 · · · xann ∈ G(I) if ai = d(I)
and u′ = u otherwise. Let I ′ be the ideal generated in T = S[y] by {u′: u ∈ G(I)}. We claim that y− xi
is regular on T /I ′ . Suppose this is not the case. Then y − xi belongs to an associated prime ideal Q
of T /I ′ . Since Q is a monomial ideal we get y, xi ∈ Q and we may choose a monomial f such that
Q = (I ′ : f ). Thus yf , xi f ∈ I ′ . If yf = wu′ for some u′ ∈ G(I ′) and a monomial w we get y|u′ because
if y|w then f ∈ I ′ , which is false. Then xd(I)−1i |u′ and so xd(I)−1i | f .
Now xi f = qv ′ for some v ′ ∈ G(I ′) and a monomial q. Clearly q is not a multiple of xi because
otherwise f ∈ I ′ . Thus xd(I)i |v ′ which is not possible since degxi v ′ < d(I) by construction. Hence y− xi
is regular on T /I ′ .
As above, let U ′ be the ideal generated in T by a′ = ya/xi for a ∈ G(U ) with degxi a = d(I) and by{a ∈ G(U ): degxi a = d(I)}. Note that U ′ ⊃ I ′ . Set M ′ = U ′/I ′ and M = U/I . We have
M ′/(y − xi)M ′ ∼= U ′/
(
I ′ + (y − xi)U ′
)
and consider the surjective map ϕ : M ′/(y − xi)M ′ → M given by h → h(y = xi). For the injectivity of
ϕ it is enough to show the inclusion
[
U ′ ∩ (y − xi)T
]+ I ′ ⊂ I ′ + (y − xi)U ′.
Let f ∈ T be such that (y− xi) f ∈ U ′ . We show that f ∈ U ′ . As U ′ is a monomial ideal it is enough to
take f monomial. Then yf , xi f ∈ U ′ . If yf ∈ (U ′ ∩ S)T then f ∈ (U ′ ∩ S)T ⊂ U ′ . Otherwise, yf = a′g
for some g ∈ T and a ∈ G(U ) with degxi (a) = d(I). If y|g then f = a′(g/y) ∈ U ′ . If y | g then f =
(a′/y)g ∈ S . As xi f ∈ U ′ it follows by construction that xi f = wq for some q ∈ S and w ∈ G(U ) with
degxi w = d(I). If xi |q then f ∈ U ′ . Otherwise, we get degxi w = d(I), which is false. Hence ϕ is an
isomorphism. The module M ′ could be seen as the ﬁrst step of polarization of M with respect of xi .
Next, let N be the multiplicative system generated by y in T . We have I˜ TN = I ′TN and U˜ TN =
U ′TN . Tensorizing with S⊗T -a minimal free resolution of M ′ over T we get a minimal free resolu-
tion of M over S because y − xi is regular on T /I ′ and so on M ′ . Thus pdT M ′ = pdS M. Since the
localization is exact it follows
pdTN U˜ TN/ I˜ TN = pdTN M ′N  pdT M ′ = pdS M.
But
pdTN U˜ TN/ I˜ TN = pdS U˜/ I˜,
and so
pdS U˜/ I˜  pdS M = pdS U/I.
Applying Auslander–Buchsbaum Theorem we are done. 
Remark 2.3. The polarization can be made even with a variable xi for which di(I) < d(I) and the
above lemma still holds.
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Example 2.4. Let I = (x2, z2), U = (xy) + I be ideals in S = K [x, y, z]. Fix the variable x. We have
I˜ = (x, z2) = U˜ , but U/I ∼= S/((x2, z2) : xy) = S/(x, z2) has depth 1.
Example 2.5. Let I = (x2z, t2), U = (x2, xy, t2) be ideals in S = K [x, y, z, t]. Fix the variable x. We have
I˜ = (xz, t2), U˜ = (x, t2). Since y is regular on S/I , it is also regular on U/I and we have U/(I + yU ) =
U/((x, t2) ∩ (x2, y2, t2) ∩ (z, y, t2)). Thus z + x is regular on U/(I + yU ) and so U/I has depth 2.
Clearly, U˜/ I˜ ∼= S/(z, t2) has depth 2 as supports also Lemma 2.2. In the following exact sequence
0→ (U + I˜)/ I˜ → S/(xz, t2)→ S/(x2, xy, xz, t2)→ 0,
we have depth(S/(xz, t2)) = 2 and depth(S/(x2, xy, xz, t2)) = 0, (x2, xy, xz, t2) = (x, t2) ∩ (x2, y, z, t2)
being a reduced primary decomposition. It follows
1= depth(U/(U ∩ I˜))< depth(U/I) = depth(U˜/ I˜) = 2.
Next we give some suﬃcient conditions when the following inequality holds: depth(U/(U ∩ I˜))
depth(U/I).
Lemma 2.6. Let U ⊃ I be somemonomial ideals such that U/I is a Cohen–Macaulay S-module of dimension s.
Suppose that I is a primary ideal. If U ⊂ I˜ then U/(U ∩ I˜) is a Cohen–Macaulay S-module of dimension s.
Proof. As in Example 1.10, we may suppose that G(I) = {xd11 , . . . , xdrr , xu1 , . . . , xup } for some positive
integers d j , r ∈ [n], and some ue ∈ Nn with support in {x1, . . . , xr} by renumbering the variables x.
Then di = d(I) for some i ∈ [r]. Note that G(U ) contains a power xti of xi , 1 t  d(I) and there exist
no other monomial a ∈ G(U ) with degxi a t . Hence U˜ = U + I˜ . By Lemma 2.2 we have
depth
(
U/(U ∩ I˜))= depth(U˜/ I˜) depth(U/I). 
Corollary 2.7. Let U ⊃ I be some monomial ideals such that U/I is a Cohen–Macaulay S-module of dimen-
sion s and I is a primary ideal. If U ⊂ I1 then U/(U ∩ I1) is a Cohen–Macaulay S-module of dimension s.
For the proof apply the above lemma recursively.
Next we want to complete Lemma 1.11.
Theorem 2.8. Let I ⊂ U be two monomial ideals of S such that Ass S/I contains only prime ideals of di-
mension 2, and Ass S/U contains only prime ideals of dimension 1. Then there exists p ∈ Ass S/I such that
U/(p ∩ U ) is a Cohen–Macaulay module of dimension 2.
Proof. Apply induction on d(I). If d(I) = 1 then apply Lemma 1.2. Suppose that d(I) > 1. Let
U =⋂tj=1 Q j , I =⋂es=1 qs be some reduced primary decompositions of U , respectively I , P j =√Q j
and ps = √qs . If there exists k ∈ [n] such that d(I) = dk(I)  dk(Q j) for some j and P j = (xk, p)
for some p ∈ Ass S/I , then we may apply Lemma 1.11. Otherwise, for all k ∈ [n], j ∈ [t], s ∈ [e] with
d(I) = dk(I) dk(Q j) and P j ⊃ ps we have xk ∈ ps . Take i such that d(I) = di(I) and consider the con-
struction I˜ with respect of this i. Set E js = Q j +qs . Clearly, E˜ js ⊃ Q j + q˜s . We claim that E˜ js = Q j + q˜s
if E js is not m-primary. Indeed, if d(I) di(Q j) and xd(I)i ∈ G(qs) then xd(I)−1i ∈ q˜s . If xd(I)i /∈ G(qs) we
get d(I) > di(qs) and so di(E js) < d(I) if xi ∈ ps . If xi /∈ ps then either d(I) > di(Q j) by our hypothesis
if P j ⊃ ps , or E js is m-primary. Hence, if xd(I)−1i ∈ E˜ js \ E js and E js is not m-primary then we must
have xd(I)−1i ∈ q˜s , which shows our claim.
2790 D. Popescu / Journal of Algebra 321 (2009) 2782–2797As U = U + I and depth S/U = 1 it follows U˜ =⋂ j⋂s E˜ js =⋂ j⋂s(Q j + q˜s) = U + I˜ and U˜ = I˜ . By
Lemma 2.2 we get that U˜/ I˜ (and so U + I˜/ I˜) is a Cohen–Macaulay module of dimension 2. If I1 = I˜
then d(I) > d( I˜) and we ﬁnd by induction hypothesis p ∈ Ass S/ I˜ = Ass S/I such that U/(p ∩ U ) ∼=
U˜/(p ∩ U˜ ) is a Cohen–Macaulay module of dimension 2. If not, apply the same method by recurrence
with other variables xi arriving ﬁnally to I1, where the induction hypothesis work. 
3. Stanley decompositions
Let M be a ﬁnitely generated multigraded S-module. Given a non-zero Zn-homogeneous element
y ∈ M and Z a set of variables ⊂ {x1, . . . , xn} we set yK [Z ] = {yf : f ∈ K [Z ]}. The K linear space
yK [Z ] is called a Stanley space, if yK [Z ] is a free K [Z ]-module. A presentation of M as a direct sum
of Stanley spaces:
D: M =
r⊕
i=1
yi K [Zi]
is called a Stanley decomposition of M . Set sdepth(D) =mini |Zi | and
sdepth(M) =max
D
sdepthD,
where the maximum is taken over all Stanley decompositions D of M . The Stanley depth of M is a
nice invariant studied in [14,11].
Let
F : 0= M0 ⊂ M1 ⊂ · · · ⊂ Mr = M
be a prime ﬁltration of M as in the ﬁrst section. After [11] we deﬁne fdepth(F) = min{dim S/P :
P ∈ Supp(F)} and the ﬁltration depth of M given by fdepth(M) = maxF fdepth(F), where the maxi-
mum is taken over all prime ﬁltrations F of M . We have
fdepth(M) depthM, sdepthM min{dim S/P : P ∈ AssM}
if dimK Ma  1 for all a ∈ Zn (see [11, Proposition 1.3]). If M is clean then it has a clean ﬁltration F ,
that is Supp(F) = MinM , and so it follows fdepthM = depthM = sdepthM . Thus Lemma 1.1 and
Theorem 1.7 give the following.
Proposition 3.1. Let M be a multigraded S-module. Then fdepthM = depthM = sdepthM if one of the
following conditions holds:
(1) the associated prime ideals of M have dimension 1 and dimK Ma  1 for all a ∈ Zn, or
(2) M is a reduced Cohen–Macaulay module of dimension 2 with M ∼= U/I for some monomial ideals I ⊂ U
of S.
The above proposition has bellow two extensions.
Theorem 3.2. Let U ⊃ I be some monomial ideals such that U/I is a Cohen–Macaulay S-module and I is a
primary ideal. Then U/I is clean. In particular, fdepthM = depthM = sdepthM.
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trivial. Set p = √I and apply induction on d(I). If d(I) = 1 the module M = U/I is free (and so
clean) over S/p. Suppose that d(I) > 1. If U ⊂ I1 then pU ⊂ I and so M is again free and clean over
S/p. Otherwise, by Corollary 2.7 we see that M1 = U/(U ∩ I1) is also a Cohen–Macaulay module of
dimension s = dimM . From the exact sequence
0→ N = (U ∩ I1)/(U ∩ I) → M → M1 → 0
we get that N is a maximal Cohen–Macaulay module over S ′ = S/(xi) of dimension s for some 1 
i  n, because xiN = 0 for some i by construction of I1. Thus N is free and clean because S ′ has
n− 1 variables. Note that M1 ∼= (U + I1)/I1 is clean by the induction hypothesis, because d(I1) < d(I).
Hence the ﬁltration 0 ⊂ N ⊂ M can be reﬁned to a clean one. 
Theorem 3.3. Let I ⊂ U be some monomial ideals of S such that U/I is a Cohen–Macaulay S-module of
dimension 2. Then U/I is clean. In particular, fdepth(U/I) = sdepth(U/I) = 2.
Proof. There exists a monomial ideal J such that I = U ∩ J and Ass(S/ J ) contains only prime ideals
of dimension 2. Changing I by J and U by U + J we may assume that Ass S/I contains only prime
ideals of dimension 2. Let U =⋂ti=1 Q i , I =⋂ej=1 q j be some reduced primary decompositions of U
respectively I and Pi = √Q i , p j = √q j . Apply induction on e. If e = 1 apply Theorem 3.2. Also note
that from the exact sequence
0→ U/I → S/I → S/U → 0
we get depthS S/U min{depthS U/I − 1,depthS S/I} = 1 and so m /∈ AssS S/U .
Now suppose that e > 1, dim S/P1 = 2 and there exists no i ∈ [t] such that P1 ⊂ Pi . It fol-
lows P1 ⊃ p j for some j ∈ [e], let us say P1 ⊃ p1. Note that P1 = p1, Q 1 ⊃ q1. Set U ′ =⋂ti>1 Q i ,
I ′ =⋂ej>1 q j , T = S \ ((⋃ti>1 Pi) ∪ (⋃ej>1 p j)). We have I ′ ⊂ U ′ . Note that T−1(U/I) = T−1(U ′/I ′) is
Cohen–Macaulay of dimension 2, and so U ′/I ′ is Cohen–Macaulay of dimension 2 too. We show that
depth S/(U + I ′) 1. From the exact sequence
0→ U/I → Q 1/q1 ⊕ U ′/I ′ → (Q 1 + U ′)/(q1 + I ′) → 0
we get depthS (Q 1 + U ′)/(q1 + I ′)  1. Thus if q1 + q j is m-primary then either q1 + q j ⊃ Q 1 + U ′ ,
or there exists J ⊂ [e] such that dim S/(q1 + qk) = 1 for all k ∈ J and ⋂k∈J (q1 + qk) ⊂ q1 + q j . We
have U + I ′ = (Q 1 + I ′) ∩ U ′ = (⋂tj=2(Q 1 + q j)) ∩ U ′ . If q1 + q j ⊃ Q 1 + U ′ then we get Q 1 + q j ⊃ U ′ .
In the second case we have
⋂
k∈J (q1 +qk) ⊂ q1 +q j ⊂ Q 1 +q j and so
⋂
k∈J (Q 1 +qk) ⊂ Q 1 +q j and
dim S/(Q 1 +qk) 1 for all k ∈ J . Hence U + I ′ is the intersection of primary ideals of dimension  1,
that is depth S/(U + I ′) 1. From the exact sequence
0→ U/(I ′ ∩ U ) → U ′/I ′ → U ′/(U + I ′) → 0
we get depthU/(I ′ ∩ U ) = 2. In the exact sequence
0→ (U ∩ I ′)/I → M → U/(I ′ ∩ U ) → 0
the ends are Cohen–Macaulay modules of dimension 2 with smaller e, the right one being in fact
(U + I ′)/I ′ and the left one being ((U ∩ I ′) + q1)/q1. By induction hypothesis they are clean and so
the ﬁltration 0⊂ (U ∩ I ′)/I ⊂ M can be reﬁned to a clean one.
Next suppose that e > 1 and the prime ideals of Ass S/U of dimension 2 are embedded in the
prime ideals of Ass S/U of dimension 1. Suppose that P1, P2 ∈ Ass S/U satisfy P1 ⊂ P2, dim S/P1 = 2,
2792 D. Popescu / Journal of Algebra 321 (2009) 2782–2797dim S/P2 = 1. As above we may suppose P1 = p1 and we show that depth S/(U + I ′) 1. Set U1 =
(Q 1 ∩ Q 2) + q1, U2 =⋂ti=3 Q i (if t = 2 take U2 = S). From the exact sequence
0→ U/I → U1/q1 ⊕ U2/I ′ → (U1 + U2)/(q1 + I ′) → 0
we get depth(U1 + U2)/(q1 + I ′) 1. Thus if q1 + q j is m-primary then either q1 + q j ⊃ U1 + U2, or
there exists J ⊂ [e] such that dim S/(q1 + qk) = 1 for all k ∈ J , and ⋂k∈J (q1 + qk) ⊂ q1 + q j . We
have U + I ′ = (Q 1 + I ′) ∩ U ′ = (⋂tj=2(Q 1 + q j)) ∩ U ′ . If q1 + q j ⊃ U1 + U2 then we get Q 1 + q j ⊃ U2.
In the second case, as above we get
⋂
k∈J (Q 1 + qk) ⊂ Q 1 + q j and dim S/(Q 1 + qk) = 1 for all k ∈ J .
Hence depth S/(U + I ′) 1.
Let L = S \((⋃ti=3,p1 ⊂Pi P i)∪(⋃ej=2 p j)) and U ′′ =⋂ti=3,p1 ⊂Pi Q i . Note that L−1(U/I) = L−1(U ′′/I ′)
is Cohen–Macaulay and so U ′′/I ′ is Cohen–Macaulay too. From the exact sequence
0→ U/(I ′ ∩ U ) → U ′′/I ′ → U ′′/(U + I ′) → 0
we get depthU/(I ′ ∩ U ) = 2. As above we get M clean using induction hypothesis on e.
Remains to study the case when there are not prime ideals in Ass S/U of dimension 2. Then
applying Theorem 2.8 there exists j ∈ [e] such that U/(p j ∩ U ) is a Cohen–Macaulay module of di-
mension 2, which is clearly clean. From the exact sequence
0→ (U ∩ p j)/I → M → U/(U ∩ p j) → 0
we see that (U ∩ p j)/I is a Cohen–Macaulay module of dimension 2. Since a prime ideal of dimension
two p j is contained in Ass S/(U ∩ p j) we get (U ∩ p j)/I clean as above. Hence the ﬁltration 0 ⊂
(U ∩ p j)/I ⊂ M can be reﬁned to a clean one. 
Next corollary is similar to [9, Proposition 1.4].
Corollary 3.4. Let I ⊂ S be a Cohen–Macaulay monomial ideal of dimension 2. Then S/I is clean. In particular
fdepth S/I = sdepth S/I = 2 and I is a Stanley ideal.
The following lemma can be found in [15].
Lemma 3.5. Let
0→ U → M h−→ N → 0
be an exact sequence of multigraded modules and maps. Then
sdepthM min{sdepthU , sdepthN},
fdepthM min{fdepthU , fdepthN}.
For the proof note that if N =⊕i yi K [Zi], U =⊕ j z j K [T j], Zi, T j ⊂ {x1, . . . , xn} are Stanley de-
compositions of N , respectively U , and y′i ∈ M are homogeneous elements with h(y′i) = yi then
M =
(⊕
i
y′i K [Zi]
)
⊕
(⊕
j
z j K [T j]
)
is a Stanley decomposition of M (the proof of the second inequality is similar).
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ley decompositions. Some different attempts were already done in [3,11]. We illustrate our idea
on a simple example. Let S = K [x, y, z,w], I = (x2, y) ∩ (x, z) ∩ (z,w) = (x2z, x2w, yz, xyw), and
I1 = (x, y) ∩ (x, z) ∩ (z,w) = (xz, xw, yz). We have depth(S/I) = 1 (see [2, Example 2.7] for details)
and depth(S/I1) = 2 because the associated simplicial complex of S/I1 is shellable. A clean ﬁltration
of S/I1 is given for example by
D1: S/I1 = K [x, y] ⊕ wK [y,w] ⊕ zK [w, z]
(it corresponds to the partition
 = [∅, {xy}]∪ [w, {yw}]∪ [z, {wz}]).
The multigraded S-module I1/I is generated by xz, xw and it has the Stanley decomposition
D2: I1/I = xzK [z,w] ⊕ xwK [w].
We have sdepth(D1) = 2, and sdepth(D2) = 1. As depth(S/I) = 1 we get from the exact sequence
0→ I1/I → S/I → S/I1 → 0
that depth(I1/I) = 1. Thus sdepth(D2) = depth(I1/I) and D1,D2 induce a Stanley decomposition:
D: S/I = K [x, y] ⊕ wK [y,w] ⊕ zK [w, z] ⊕ xzK [z,w] ⊕ xwK [w]
of S/I with sdepth(D) = 1= depth(S/I).
Next we will show that the Stanley depth of some multigraded S-modules of dimension 2 is  1.
An elementary case (a special case of [11, Corollary 3.4]) is given by the following lemma.
Lemma 3.7. Let I ⊂ K [x, y] be a non-zero monomial ideal. If I is not principal then sdepth I = fdepth I = 1.
Proof. Let {xai ybi : i ∈ [s]}, ai,bi ∈ N be the minimal monomial system of generators of I . We may
suppose that a1 > a2 > · · · > as and it follows b1 < b2 < · · · < bs . Consider the ﬁltration
F : 0= F0 ⊂ F1 ⊂ · · · ⊂ Fs = I
given by Fi = Fi−1 + (xas+1−i ybs+1−i ) for i  1. We have fdepth F1 = 2 because F1 is free, but Fi/Fi−1 ∼=
K [x, y]/(ybs+2−i−bs+1−i ) has fdepth = 1 for all i > 1. Using by recurrence Lemma 3.5 we get
sdepth I  fdepth I  1.
If sdepth I = 2 then I is free by [15, Lemma 2.9] and so principal, which is false. 
Remark 3.8. The Stanley decomposition associated to a natural reﬁned ﬁltration of F is given by
D: I = xas ybs K [x, y] ⊕
(
s−1⊕
i=1
bi+1−1⊕
j=bi
xai y j K [x]
)
.
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Proposition 3.9. Let M be a torsion-free multigraded K [x, y]-module with dimK Ma  1 for all a ∈ Z2 . If M
is not free then
sdepthM = fdepthM = 1.
Proof. We have M/xM ∼= K [y]s⊕ (⊕ej=1 K [y]/(yr j )) for some non-negative integers e, s, r j with e > 0
because M is not free. Since M is multigraded there exist some Zn-homogeneous elements (ui)i∈[s]
and (v j) j∈[e] of M such that
M/xM =
(
s⊕
i=1
uˆi K [y]
)
⊕
(
e⊕
j=1
r j−1⊕
t=0
vˆ j y
t K
)
is a Stanley decomposition of M/xM (we denote by “zˆ” the residue of z modulo x). Let
N =
s∑
i=1
ui K [x, y] +
e∑
j=1
r j−1∑
t=0
v j y
t K [x]
be a sub-K [x]-module of M .
We claim that the above sum is direct. Indeed, it is enough to show that
ui K [y] ∩ u j K [y] = ui K [x, y] ∩ v j yt K [x] = v j yt K [x] ∩ vc ydK [x] = 0
for some i = j, ( j, t) = (c,d), because a monomial belongs to a sum of monomial ideals only when
belongs to one of them (apply the condition dimK Ma  1 for all a ∈ Zn). Let ui f = u j g for some i = j.
We may suppose gcd( f , g) ∼= 1, because otherwise we may simplify with gcd( f , g), M being torsion-
free. Then uˆi f = uˆ j g = 0 in M/xM because uˆi K [y] ∩ uˆ j K [y] = 0. Thus fˆ = gˆ = 0 and so x|gcd( f , g),
which is false. Similarly, we see that ui K [x, y] ∩ v j yt K [x] = 0 and v j yt K [x] ∩ vc ydK [x] = 0 for some
( j, t) = (c,d).
Now we see that yN ⊂ N . It is enough to show that yr j v j ∈ N for all j. If yr j v j = 0 there exist
nothing to show. Otherwise, we have yr j vˆ j = 0 in M/xM and so yr j v j ∈ xM . Let p be the biggest inte-
ger such that yr j v j ∈ xpM . Since xpM is multigraded we have yr j v j = xpz for some Zn-homogeneous
element z ∈ M . Then zˆ = uˆih, or zˆ = vˆ jq for some h ∈ K [y], q ∈ K . The cases are similar, let us suppose
that the ﬁrst holds. Then yr j v j − xpuih ∈ xp+1M . If yr j v j = xpuih ∈ N then we are done. Otherwise,
we get yr j v j ∈ xp+1M , because xp+1M is multigraded with dimK (xp+1M)a  1 for all a ∈ Z2. Contra-
diction!
Thus N is a K [x, y]-module and by Nakayama we get M ⊂ N from M ⊂ N + xM . Hence
M =
(
s⊕
i=1
ui K [x, y]
)
⊕
(
e⊕
j=1
r j−1⊕
t=0
v j y
t K [x]
)
is a Stanley decomposition of M and so sdepthM  1.
Consider the ﬁltration
F : 0= F0 ⊂ F1 ⊂ · · · ⊂ Fe+1 = M
given by F1 =∑si=1 Sui , and Fi = Fi−1+ Svi−1 for i > 1. We have fdepth F1 = 2 because F1 is free and
Fi/Fi−1 ∼= K [x, y]/(yri−1) has fdepth = 1 for i > 1. Then fdepthM  1 by Lemma 3.5 as in the proof
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a natural reﬁned ﬁltration of F . Hence
sdepthM  fdepthM  1.
If sdepthM = 2 then we obtain M free by [15, Lemma 2.9], which is false. 
Note that the condition dimK Ma  1 for all a ∈ Z2 is necessary as shows the following example.
Example 3.10. Let S = K [x1, x2], z = x2e1−x1e2 and M = Se1⊕ Se2/〈x1z, x2z〉, where deg x1 = deg e1 =
(1,0), deg x2 = deg e2 = (0,1). Then M is a multigraded S-module with dimK Ma  1 for a ∈ Z2 \
{(1,1)} and dimK M(1,1) = 2. We have
M = e¯1K [x2] + e¯1x1K [x1] + e¯2K [x1] + e¯2x2K [x2] + e¯1x1x22K [x1, x2],
e¯i ∈ M being induced by ei . Indeed, note that e1x1x2 ≡ x21e2 mod x1z, that is e¯1x1x2 = e¯2x21 ∈ e¯2K [x1],
and
e2x
a
1x
b
2 ≡ e1xa−11 xb+12 mod xa−11 xb2z
if a 1, b 0 are integers. If a = 1 then e¯2x1xb2 = e¯1xb+12 ∈ e¯1K [x2]. If a > 1, b > 0 then
e¯2x
a
1x
b
2 = e¯1xa−11 xb+12 ∈ e¯1x1x22K [x1, x2].
As dimK Ma  1 for a ∈ Z2 \ {(1,1)} we see that the above sum is direct and gives a Stanley decom-
position of dimension 1. Hence sdepthM = 1, but depthM = 0 because z = 0 belongs to SocM .
Using the above proposition we get the following theorem inspired by [4, Lemma 1.2].
Theorem 3.11. Let M be a multigraded S-module such that dimK Ma  1 for all a ∈ Zn and AssM has only
prime ideals of dimension 2. If depthM = 1 then sdepthM  fdepthM = 1.
Proof. Let 0=⋂ri=1 Ni , Q i = Ann(M/Ni) be the irredundant primary decomposition of (0) in M . Then
AssM = {P1, . . . , Pr}, where Pi = √Q i . Apply induction on r. If r = 1 and P1 = Q 1 then M is torsion-
free over S/P1. Note that S/P1 is a polynomial algebra in two variables. By the above proposition we
get sdepthM = fdepthM = 1, because M is not free over S/P1 since depthM = 1.
If r = 1 but P1 = Q 1 (r = 1), then as in the proof of [12, Corollary 2.2] we note that the non-zero
factors of the ﬁltration
0= Ms ⊂ · · · ⊂ M1 ⊂ M0 = M,
Mi = M ∩ P i1MP1 are torsion-free over S/P1 and as above have fdepth  1. Using several times
Lemma 3.5 we get fdepthM  1. Since sdepthM  fdepthM it follows sdepthM = fdepthM = 1 be-
cause if sdepthM = 2 then M is free over S/Q 1 by [15, Lemma 2.9] and so depthM = 2, which is
false.
Now, we suppose that r > 1. From the exact sequence
0→ Nr → M → M/Nr → 0
we have sdepthM  fdepthM  min{fdepthNr, fdepthM/Nr}  1 by induction hypothesis. As
fdepthM  depthM = 1 we are done. 
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Let M be a ﬁnitely generated multigraded S-module. After [16] we consider the dimension ﬁltration:
0⊂ D0(M) ⊂ D1(M) ⊂ · · · ⊂ Dt(M) = M
of M (t = dimM), which is deﬁned by the property that Di(M) is the largest submodule of M
with dim Di(M)  i for 0  i  t (set D−1(M) = 0). We have Ass(Di(M)/Di−1(M)) = {P ∈ AssM:
dim S/P = i}. M is sequentially Cohen–Macaulay if all factors of the dimension ﬁltration are either 0 or
Cohen–Macaulay.
A prime ﬁltration
F : 0= M0 ⊂ M1 ⊂ · · · ⊂ Mr = M,
Mi/Mi−1 ∼= S/Pi(−ai) is called pretty clean if for all 1  i < j  r, Pi ⊂ P j implies Pi = P j , roughly
speaking “big primes come ﬁrst”. M is called pretty clean if it has a pretty clean ﬁltration. After [8],
M is pretty clean if and only if all non-zero factors of the dimension ﬁltration are clean, in which case
are Cohen–Macaulay. Thus a pretty clean S-module is sequentially Cohen–Macaulay. Next proposition
extends a result from [2,1].
Theorem 4.1. Let I ⊂ S be a monomial ideal. If n = 5 then S/I is pretty clean if and only if S/I is sequentially
Cohen–Macaulay.
Proof. We have to show only the suﬃciency. Suppose that S/I is sequentially Cohen–Macaulay. Then
the factors Di(S/I)/Di−1(S/I) are Cohen–Macaulay for all 0 i  t = dim S/I . They are also clean for
0 i  1 by [12, Corollary 2.2] (see also Lemma 1.1). For i = 2 it is clean by our Theorem 3.3 applied
to U ,U ∩ I ′ , where D2(S/I) = U/I , I ′ being the intersection of the primary ideals of dimension 2 from
an irredundant monomial primary decomposition of I (see [16]). As Ass(D3(S/I)/D2(S/I)) contains
just prime ideals of codimension 2 we get the cyclic S-module D3(S/I)/D2(S/I) clean by [9, Propo-
sition 1.4] (see the proof of Theorem 4.3 for more details). If i > 3 then the associated prime ideals of
the corresponding factors are principal and the proof is trivial. Hence S/I is pretty clean because all
the non-zero factors of the dimension ﬁltration are clean. 
Next lemma is a variant of [4, Corollary 1.3].
Lemma 4.2. Let I ⊂ S be a monomial ideal having all the associated prime ideals of height 2. If n = 5 then I is
a Stanley ideal and
2 sdepth(S/I) = fdepth(S/I) = depth(S/I) 3.
Theorem4.3. Let I ⊂ S be amonomial ideal. If n = 5 then I is a Stanley ideal and sdepth S/I  fdepth(S/I) =
depth(S/I).
Proof. We follow the proof given for n = 4 in [4, Proposition 1.4]. Let
0⊂ D0(S/I) ⊂ D1(S/I) ⊂ · · · ⊂ D4(S/I) = S/I
be the dimension ﬁltration of S/I . Set Ei = Di(S/I)/Di−1(S/I) for 0  i  4. Let I =⋂4i=0⋂sij=1 Q ij ,
dim Q ij = i be an irredundant monomial primary decomposition of I . Set Q i =⋂sij=1 Q ij . After [16] we
have Dk(S/I) = (⋂k<i4 Q i)/I , −1 k 3. Clearly Q 4/I = D3(S/I) ⊂ S/I is clean because Ass(S/Q 4)
contains only prime ideals of height one, which are principal. It follows fdepth((S/I)/D3(S/I)) = 4.
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Ass S/(Q 3 : u) contains only prime ideals of codimension 2 and so by Lemma 4.2 (Q 3 : u) is a Stanley
ideal and fdepth((S/I)/D2(S/I)) = depth((S/I)/D2(S/I)). If D2(S/I) = 0 we are done.
Suppose s2 = 0. Then the associated prime ideals of E2 have dimension 2. If E2 is Cohen–Macaulay
then fdepth E2 = sdepth E2 = 2 by Theorem 3.3 applied to U =⋂2<i4 Q i ⊃ U ∩ Q 2. If depth E2 = 1
(so depth S/I  1) then by Theorem 3.11 we have fdepth E2 = 1. Thus fdepth((S/I)/D1(S/I)) =
depth S/I . If D1(S/I) = 0 we are done.
Suppose s1 = 0. Then E1 is clean by [12, Corollary 2.2]. If depth S/I = 1 then depth E1 = 1 and
we get fdepth E1 = sdepth E1 = 1. Thus fdepth(S/I)/D0(S/I) = fdepth S/Q 1 = 1. If depth S/I = 0 then
there is nothing to be shown. 
The inequality from the above theorem could be strict, as shows the following.
Example 4.4. Let n = 5 and I = (x1, x2) ∩ (x3, x4, x5) ⊂ S . Then sdepth S/I = 2 > depth S/I =
fdepth S/I = 1.
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